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This article concerns general multivariable nonlinear processes, particularly those
with singular characteristic matrix. A precise characterization of the structural proc-
ess properties that give rise to generic singularity of the characteristic matrix is
initially developed within a graph-theoretic analysis framework. An output feedback
controller synthesis problem is then formulated for multivariable processes with
singular characteristic matrix. A comprehensive solution to this problem is obtained
through a combination of dynamic state feedback controllers and state observers.
The performance and robustness characteristics of the proposed control methodology
are illustrated through simulations in a double-effect evaporator.

Introduction

The development of general and practical nonlinear multi-
variable control methods is a well-recognized need, both by
industry and academia (for example, Shinskey, 1988), and has
motivated a flourishing research activity in recent years. On
one hand, numerical methods in an operator inversion frame-
work (Economou et al., 1986, Parrish and Brosilow, 1988)
and on-line optimization methods in a model predictive frame-
work (for example, Biegler and Rawlings, 1991) have been
proposed for addressing the nonlinear control problem. On
the other hand, differential geometric methods have provided
an analytical synthesis framework for this purpose (for ex-
ample, the tutorial articles by Kravaris and Kantor, 1990a,b;
and the paper by Kravaris and Arkun, 1991).

Within the geometric framework, and for Single-Input Sin-
gle-Output (SISO) minimum-phase processes, output feedback
controllers have been developed that modify the process dy-
namics to achieve a desired input/output behavior (Daoutidis
and Kravaris, 1992a) and allow for feedforward compensation
of disturbances (Daoutidis and Alhumaizi, 1993). For Multi-
ple-Input Multiple-Output (MIMO) nonlinear processes, re-
search has primarily focused on the class of processes that can
be decoupled via static state feedback (Freund, 1975; Ha and
Gilbert, 1986; Kravaris and Soroush, 1990; Daoutidis et al.,
1990; Daoutidis and Kravaris, 1994). These processes are char-
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acterized by certain constraints in the process model structure,
expressed through a nonsingularity condition on the so-called
characteristic (or decoupling) matrix. Whenever this condition
is satisfied, the generalization of most of the SISO controller
synthesis results in a MIMO setting is straightforward con-
ceptually.

However, for typical MIMO processes (for example, sepa-
ration processes and chemical reactors), the condition of non-
singular characteristic matrix is violated generically, giving rise
to a fundamentally different control problem: dynamic state
feedback has to be employed to induce a desired input/output
behavior, in the general case. The study of such processes has
mainly addressed geometric, system theoretic properties (Isi-
dori and Moog, 1988; Isidori, 1989). The available controller
synthesis results are limited to the problem of input/output
decoupling via dynamic state feedback (for example, Descusse
and Moog, 1985, 1987; Nijmeijer and Respondek, 1988). How-
ever, requesting decoupling in the closed-loop system imposes
a structural constraint which may lead to unacceptable per-
formance or stability characteristics (Isidori and Grizzle, 1988).
Moreover, measurements of the state variables are required
for the implementation of the control laws, which may not be
possible or economically justifiable.

Motivated by the above, this article focuses on general con-
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tinuous-time MIMO nonlinear processes, and particularly those
with singular characteristic matrix. The purpose of this article
is then two-fold:

e To analyze the underlying structure of such processes,
both from a mathematical and a physical point of view.

e To develop an explicit output feedback controller syn-
thesis framework for such processes.

To this end, a review of some fundamental concepts from
differential geometry will be given initially. Then, a precise
characterization of the structural process properties that give
rise to generic singularity of the characteristic matrix will be
developed, within a graph-theoretic analysis framework. This
will allow connecting an abstract rank deficiency condition
with concrete physical characteristics and specific classes of
chemical processes. Representative chemical reactor examples
will be given to illustrate the application of the theoretical
analysis results. In the next section, an output feedback con-
troller synthesis problem will be formulated for the class of
processes under consideration. Initially, arelated dynamic state
feedback synthesis problem will be solved. Then, combination
of dynamic state feedback and state observers will be employed
for the synthesis of state-space realizations of output feedback
controllers that achieve the design objectives in the closed-loop
system. Finally, the developed control methodology will be
applied to a double-effect evaporator and its performance and
robustness characteristics will be evaluated through simula-
tions.

Preliminaries

We will consider square MIMO nonlinear processes with a
state-space representation of the form:

X=fx)+ ] &(x)y,

j=1
yi=hi(x),i=1,...,m 1

where x denotes the vector of state variables, #; denotes a
manipulated input, and y; denotes an output (to be controlled).
In the above description, it is assumed that the input variables
represent deviations from their nominal values. It is also as-
sumed that x € XC IR", where X'is open and connected, u = [u,,

s U €ER™, and y=[y,, ..., )" € R™. Finally, f(x), g{x)
are used to denote analytic vector fields on X, and A(x) to
denote analytic scalar fields on X. In a more compact vector
notation, Eq. 1 can take the form:

x=f(x)+g(x)u
y=h(x),i=1,...,m 2

where g(x) is a (n X m) matrix with columns the vector fields
gl(x)n teey gm(x)'

In what follows, we will be using the standard Lie derivative
notation

> 0h;(x)

Lrh(x) =3 ="
l

=1

Ji(x)
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where f, (x) denotes the /th row element of f(x). One can define
higher order Lie derivatives Lk, (x) = L Lt 'h(x) as well as
mixed Lie derivatives L, Lf 'k;(x) in an obvious way.

We begin with some preliminary definitions. For the MIMO
nonlinear process described by Eq. 1, let r; denote the relative
order of the output y; with respect to the manipulated input
u;, that is, the smallest integer for which:

LL7 'h(x) %0 )

If such an integer does not exist, we say that r;= oo.

The relative order 7; represents the number of integrations
that u; has to go through before it affects y;, and, hence, can
be interpreted as a measure of how direct effect #; has on y;
(Daoutidis and Kravaris, 1992b).

For the system of Eq. 1, let M, denote the matrix of the
relative orders r; (Daoutidis and Kravaris, 1992b):

M= : : @

Finally, let r, denote the relative order of the output y; with

respect to the manipulated input vector u, defined as:
rr=min(r, .., i) &)

An immediate consequence of the definition of the relative

orders r; is the following expressions for the derivatives of the
outputs y, fori=1, ..., m:

dy;

WzL}h,(x), k=0, ...,r—1

dr’y,» r, ! ri—1

<7 = L) + D ulely hi(x) (6)

Jj=1

It is assumed that a finite relative order r; exists for every i,
since this is a necessary condition for output controllability.
Then, the following relation holds:

d'y, "
dr Lsh(x)
Y| | L hp(x)
dar
-1 n-1
Lg.Lf h] (x) Lg,,,Lf h| (x)
+ u (7)
LL7 'Bp(x) .. LyLy Bn(x)
The matrix:
ri—1 rn-1i
L, L, hi(x) L, L; h(x)

C(x)= : : ®

LoL () ()

m

L, Ly
is called the characteristic matrix of the system (Claude, 1986).
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Assuming nonsingularity of the characteristic matrix C(x)
(that is, detC(x) #0, vx € X, or equivalently, rank C(x)=m for
x € X) allows to explicitly calculate:

1. The process inverse dynamics and zero dynamics (see for
example, Daoutidis and Kravaris, 1991).

2. Dynamic output feedback controller realizations that
achieve a desired input/output behavior, based on combination
of static state feedback laws and state observers (Daoutidis
and Kravaris, 1994).

In general, the analysis and controller synthesis for processes
with nonsingular characteristic matrix is conceptually similar
to the one for SISO nonlinear processes.

In this work we will focus on the more general class of MIMO
nonlinear processes for which rank C(x)=m,<m for x€ X.
Such a singularity in the characteristic matrix usually implies
a strong coupling between manipulated inputs and controlled
outputs (in a sense that will be made precise later), and hence,
a truly multivariable nature of the associated control problem.

Structural Analysis of Multivariable Nonlinear
Processes

From an analysis point of view, it isimportant to characterize
the pattern of process variable interactions that give rise to
generic singularity of the characteristic matrix. This will allow
to associate an abstract rank deficiency condition with physical
characteristics and specific classes of chemical processes, pro-
viding, thus, some physical insight on the nature of such sin-
gularity. To this end, let us first review the notion of a structural
matrix and its generic rank (for example, Daoutidis and Kra-
varis, 1992b).

A structural matrix is a matrix having fixed zeros in certain
locations and arbitrary entries in the remaining locations. For
a given matrix, its equivalent structural matrix is the one which
has zeros and arbitrary entries in exactly the same locations
as the zeros and the nonzero entries of the original matrix.
The generic rank of a structural matrix is the maximal rank
that the matrix achieves as a function of its arbitrary nonzero
elements. A matrix will be called structurally nonsingular if
its equivalent structural matrix has full generic rank, while it
will be called structurally singular if its equivalent structural
matrix has generic rank deficiency. Let us also recall the fol-
lowing theorem from Daoutidis and Kravaris (1992b):

Theorem 1. Consider a nonlinear system in the form of
Eq. | and its characteristic matrix C(x). Then, the generic rank
of the structural matrix which is equivalent to C(x) is equal to
m if and only if the output variables y; can be rearranged so
that the minimum relative order in each row of the relative
order matrix appears in the major diagonal position, that is,
so that M. takes the form:

no n: "im
[£3] I vee Iy

M=| T . &)
L I 7 N Y'm

Theorem 1 provides some insight on the occurrence of struc-
tural singularity of the characteristic matrix. In particular, it
suggests that structural singularity of the characteristic matrix
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Figure 1. Example of a bipartite graph.

arises due to a strong coupling among the input and output
variables that does not allow to identify for each output, a
distinct input that affects this output at least as directly (in the
sense of number of integrations) as the other inputs.

In what follows, the conditions that give rise to structural
singularity of the characteristic matrix will be characterized
precisely in a graph-theoretic setting, leading to a transparent
interpretation of the nature of such singularity. Let us first
review some fundamental concepts from graph theory (for
example, Ore, 1962; Tucker, 1984 for details), necessary for
this purpose.

A bipartite graph G(A, B, E) is defined as two sets of vertices
A, B and a set of edges E such that any edge e€ E is of the
form (a, b) where a € A and b € B, that is, there is no edge with
both endpoints in the same set. An example of a bipartite
graph is shown in Figure 1. In a bipartite graph G(A4, B, E),
two elements a, b of the sets A, B are called adjacent if (a,
b) € E. Finally, the symbol 14| will be used to denote the
cardinality of a set A, that is, the number of elements in the
set A.

We can now state the main result of this section in the form
of a theorem. The proof can be found in the Appendix.

Theorem 2. Consider a nonlinear system in the form of
Eq. 1, its characteristic matrix C(x), and the bipartite graph
G(U, Y, E), where U={u,, ..., u,}, Y=1{»;, ..., ¥} and
(u;, y) € E if ry=r;. Then, the following statements are equiv-
alent:

1. The generic rank of the structural matrix which is equiv-
alent to C(x) is equal to m.
2. For each subset B of Y the following relation holds:

IR(B)!=|BI (10)

where R(B) is the set of vertices in the set U which are adjacent
to vertices in B.

According to theorem 2, the characteristic matrix of a system
of the form of Eq. 1 will be structurally singular if and only
if there exist some outputs, such that the number of inputs
affecting these outputs ‘‘most directly”” is smaller than the
number of these outputs.

A special case of singularity of C(x), which is quite common
in the case of interconnected units and staged processes, is
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when one (or more) of its columns is identically equal to 0. In
the setting of theorem 2, this type of singularity arises because
all m outputs are affected ‘‘most directly’’ by m—1 (or less,
in the case of multiple zero columns) inputs.

Remark 1. The result of theorem 2 can be generalized to
nonsquare systems in a straightforward way.

Remark 2. Theorems 1 and 2 provide necessary and suf-
ficient conditions for singularity of the structural matrix equiv-
alent to C(x), and, hence, sufficient conditions for generic
singularity of C(x) itself. Clearly, the characteristic matrix C(x)
can be generically singular, even if it is structurally nonsingular.
In this case, the singularity is due to the specific form of the
functions f, g, h, and not the pattern of process variable in-
teractions.

In what follows we will give some physical examples in order
to illustrate the interpretation of structural singularity of the
characteristic matrix in the framework of Theorem 2, and
establish connections with specific classes of chemical proc-
esses.

Example 1

Consider the cascade of two CSTRs in series shown in Figure
2. A reactant stream at flow rate F, molar concentration C,,
and temperature T, enters the first reactor, where the elemen-
tary reaction:

A-B

takes place. The outlet stream from the first reactor, at con-
centration C,, and temperature 7, is fed to the second reactor.
The product stream leaves the second reactor at concentration
C,4, and temperature T,. It is desired to control 7, and C,; in
the product stream using the two heat inputs to the reactors
Q, and @, as manipulated inputs.

Assuming that the liquid holdups V; and V;, the heat of
reaction AH,, the liquid density p, and the liquid specific heat
capacity C,, are constant, the process dynamics is described
by the following set of equations:

d_dT_t"lz_( )+ I?lb+(;é:{)kCAlexp<Rf’>
dt(;:z:%(CAl‘CAZ) kCa exp(R£>
%=§2( ~Ty+ I%C"L(_pg)kc’"exp(’*i)

83}
Defining the state variables:
Xi=Cu1, =T, X3=Cp3, X4=T)
the controlled outputs,

NW=Cu ¥.=T;
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Figure 2. Cascade of two CSTRs in series.

and the manipulated inputs

U= (Q1— Qi) a=(Q— Qs)

where the subscript s denotes the steady-state values, the fol-
lowing state-space representation of the process is obtained:

’i'l =fi(x1, x))
X, =100, X)) + gl
x3=f3 (X1, X35 Xg)

Xs= [y (X, X3, X} + E2alhy

hi(x)=x;
hy(x) =X, (12)
where:
_ - g -
v (Cao—x1) — kx, exp <7e—;>
(T x2)+( kx, exp( )+
Rx,
J(x)=

CZl:
=l

F
—(xl X3) — kx; exp(

F ( E
Vz( — X))+ —— kx; €xp R_x4> sz
0 0
1
7 0
&) =[PVl g (x) =
0 0
0 1
szCp

and g;(x) is the jth component of the vector field g(x). A
straightforward calculation of the relative orders yields:

3 2
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Figure 3. Bipartite graph G(U, Y, E) for the system in
example 1.

for the relative order matrix, while the corresponding char-
acteristic matrix is:

0 (—-E—> kx; exp (—_—E) !
C(x) = R \Rx) oViG,

0
p V2 Cp

Clearly, the characteristic matrix is structurally singular (and
hence, generically singular) because of the zero first column.
The bipartite graph G(U,Y,E) defined in theorem 2, for the
above system includes the two vertex sets U= {u,, u,}, Y= {y,,
¥} and the edge set E= [(u,, ¥,), (45, ¥2)}, as shown in Figure
3. Consider now the set B= Y with | B| = 2. The corresponding
set of adjacent vertices in U, R(B)={u,} has cardinality
IR(B)! =1<2, resulting thus in the structural singularity of
C(x) according to theorem 2. In physical terms, the structural
singularity of C{x) arises because both the controlled outputs
»: and y, are affected most directly by the single manipulated
input u,.

Example 2

Consider the CSTR shown in Figure 4, where the irreversible
second-order reaction:

A+B—-C+D

takes place. The reactants A, B are fed to the reactor in two
feed streams, at flow rates F, and Fg, molar concentrations
C,, and Cjp, and temperatures T, and 7T, respectively. The

\Y% oo Ca

A+B—=C+D

Figure 4. CSTR with irreversible reaction A+ B—C+D.
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product stream leaves the reactor at a flow rate F, molar
concentrations C,, Cp, C¢, Cp, and temperature T. Q is the
heat input to the reactor. The objective is to control C¢, C,,
T, and V using F,, T, Q, and F as the manipulated inputs.

Assuming p, the density of the liquid, C,, the specific heat
capacity of the liquid, and AH,, the heat of reaction, to be
constant, and the reaction rate to be of the form:

—r,=kC,Cs exp <R—f>

the process model is given by the following set of differential
equations:

%:FA+FB_F
%f—;(c,,a—cu —i,f CamkCaGs e"”(%e?)
dTC;C= _F_[j cc—% Ce+kCyCy exp <;—f>
‘%:%‘(TA— 7 +%(Tu‘ D +p1?c,,
+(“pACi") KCCy exp (;;?) (13)

Defining the state variables,

xi=V, x3=C4, x3=Cg, x3=C¢, x5=T
the output variables,
»=Cce, »n=C4 y:=T, y=V
and the manipulated inputs,
w=(Fy—Fy), ;= (Tp—Tg),
w=(Q~-Q), w=(F-F)

where the subscript s denotes the steady-state values, one ob-
tains the following state-space representation of the process:
Xy =fi+ g+ gult
X2 =f2(x1s X2, X3, Xs) + 812 (X1, ;)0
X3=£001, X3y X3, Xs5) + 813 (X1, X3) Uy
X4=Lo (X1, X2y X3, Xay Xs) + 814(X1, XU,

Xs=f5(X1, X, X3, X5} 4 815 (X, Xs)uy+ a5 (1)U + 835 (X)) 1y
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hix)=x, and g; denotes the jth component of the vector field g;. It can
be easily verified that the relative order matrix for the system
hy(x) =x is:
My (x) =Xs 12 2 2
1 2 2
ha(x) =X (14) M.=
P11 2
where 1 o o 1
i Fy—F,+Fy, ]
Fypoy —E\ Fy
=k R —_—(C o
X X2X3 EXP ( Rxs) + X, (Cao—X2)
Fy —-E\ Fux
= —=(Cgo—x3) —k exp|l—1| -
J(x) X.( Bo — X3} — KXpX3 €Xp ( Rxs) X,
Fgx, -E F,x,
-—+k expl — ) —
Xy *Xs p (RX5> X
FDXS ( - AHr) -E FA: FBTBS Qs
—-——+—k expl—— ) +——(T—Xs) +——+———
X, oC, XaX3 €XP Rxs x, (T,—xs) X 2Cx,
B 1 "I and the corresponding characteristic matrix is:
(CAD—XZ) B OT — —
Xa
X, 0 -—;1 0 0 0
X:
&(x) = —;j— . &)= 0], (CA;—xz) o o o
0 _ 1
% Fs CO=l (1,-x) F _1 o
X L X X Xy pCpxl
(Th—X5) -
LT X ] | ! 0o 0 -1
[0 ] -1 As described in theorem 2, the bipartite graph G(U, Y, E)
0 0 for the system is shown in Figure 5, with the two vertex sets
0 U= {ul) Uy, Us, u4}y Y= U’n Y2 Vis y4l, and the edge set:
&(x)= , &x=] 0
0 0 E={(t, 31), @, 1), (1, ¥,
. 0
L pCpx, (U1, ¥a), (W2, ¥3), (t, ¥3), (Usy Vo))
Clearly, considering the set B= {y,, ,} CY with |B| =2, the
corresponding set of adjacent vertices R(B)= {u,] has cardi-
U Y nality 1R(BI =1<2, resulting in the structural singularity of
C(x). In physical terms, the outputs y, and y, are affected most
directly by only one manipulated input, u,.
@ @ We can now proceed with the formulation and solution of
a general output feedback synthesis problems for general mul-
@ @ tivariable nonlinear processes. As will become apparent, the
results that will be developed will incorporate the existing con-
troller synthesis results for processes with nonsingular char-
@ @ acteristic matrix.
@ Y4 Formulation of the Output Feedback Synthesis
Problem

Figure 5. Bipartite graph G(U, Y, E) for the system in
example 2.
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Referring to systems of the form of Eq. 1, with rank C(x)
=m,<m, we wish to synthesize a dynamic compensator that

AIChE Journal



uses measurements of the output variables and the output set
points, to enforce an input/output behavior of the form:

N+ Z Z “/:lk %zyspl

i=1 k=1

S A
}’z+z Z’Yfk d_tykzyspZ

i=1 k=1

et 3 N, as)

i=1 k=1

where v/, are adjustable constant parameters, with:

Yis Vi v+ Y,
2 2 2
det| T YEoe Tmal g, (16)
Vi Y e Yms
Ysots - -+ » Yopm @r€ the output set points, and s; are appropriate

indices which determine the order of the closed-loop response.
In a more compact vector form, Eq. 15 can take the form:

m 5 dk R
y+ Z 2 Yik E}/:'I=ysp (17)

i=l k=1

where v, = [yk . . . ¥Z)7. Furthermore, we would like the com-
pensator to guarantee closed-loop input/output and internal
stability, and rejection of disturbances and modeling errors.

Note the requested closed-loop input/output behavior, which
is of finite dimension and does not possess any finite zeros.
For convenience, a linear input/output behavior is requested
with a static gain matrix equal to the identity matrix. Input/
output stability and performance characteristics can then be
transparently incorporated in the design procedure, through
the choice of the adjustable parameters. Appropriate choice
of the adjustable parameters will also allow achieving any
degree of input/output coupling in the closed-loop system. A
common choice in practical applications is the requirement of
an input/output decoupled closed-loop system. In this case,
the postulated input/output behavior in the synthesis problem
takes the simplified form:

& dk}’l
N+ Z Yk —x =V
“ dr

2 2 dkyZ
»t Z Yk W':}’spz

k=1

or in more compact notation:
Si rk
; dyi
yi+27;k F=yspi (19)
k=1

fori=1,..., m.

Output Feedback Controller Synthesis
Methodology

The output feedback controller synthesis problem formu-
lated in the previous section will be addressed in a state-space
framework. The natural first step to this end is the development
of state feedback controllers that solve a related synthesis prob-
lem; one can then address the output feedback control problem
through the combination of the state feedback controllers with
appropriate state observers.

To motivate the approach that we will follow, let’s recall
Eq. 7 that provides an explicit description of the input/output
behavior for the system of Eq. 1. Referring to this equation,
it is clear that whenever rank C(x)=m, an appropriate choice
of the manipulated inputs as a function of the state variables
X, that is, an appropriate static state feedback law, can cancel
the nonlinearity in the input/output map and induce a desired
input/output behavior. On the other hand, in the general case
that rank C(x)<m, because of the singularity in the input/
output map of Eq. 7, static state feedback will no longer suffice
to induce a desired input/output behavior. In this case, an
explicit and nonsingular description of the input/output be-
havior can only be obtained between higher than rth order
derivatives of the outputs and the original manipulated inputs,
or, alternatively, the original outputs and some modified ma-
nipulated inputs obtained through the addition of integrators
in appropriate input channels. Any one of the above two ap-
proaches introduces additional state variables, giving rise to
dynamic state feedback controllers for the modification of the
input/output behavior of the process.

Based on the above intuitive considerations, a three-step
methodology will be employed towards a systematic and gen-
eral solution of the posed synthesis problem. The three steps
are outlined below:

Step 1. Regular static state feedback preserves the relative
orders r; and the rank of C(x) (Isidori, 1989); for this reason,
dynamic state feedback will be initially employed, in order to
modify the structural characteristics of the process and obtain
a nonsingular input/output relation. In particular, following
an algorithmic procedure similar to the dynamic extension
algorithm of Descusse and Moog (1985):

e The singularity of the characteristic matrix will be lo-
calized in specific input channels.

e The state-space will be extended and the manipulated
inputs will be modified, by adding integrators in appropriate
input channels.

¢ Dynamic feedback modification will be employed in the
extended state-space in order to achieve a rank increase in the
characteristic matrix of the extended system, until its rank
becomes equal to m.

Step 2. On the basis of the extended system resulting from

Sm k
Vo Z v @ Im = Yoom (18) step 1, a state feedback law will be derived to induce a desired
k=1 dr linear input/output behavior between the process outputs and
AIChE Journal April 1994 Vol. 40, No. 4 653



a set of reference inputs. The dynamic compensator of step 1
and the above control law will be combined, resulting in a
dynamic input/output linearizing state feedback compensator.

Step 3. Motivated by the approach for processes with non-
singular characteristic matrix (Daoutidis and Kravaris, 1992a,
1994), the dynamic state feedback compensator of step 2 will
be combined with an appropriate state observer and a linear
controller with integral action for the synthesis of output feed-
back controllers that solve the posed synthesis problem (see
Figure 6). In the remainder of this section, we will focus on
steps 1 and 2, developing a solution to the state feedback
synthesis problem, to be used for the output feedback syn-
thesis.

Structural modification of the process dynamics via dy-
namic state feedback

We begin with a brief review of the algorithmic procedure,
which will allow modifying the process structural character-
istics and derive a system of increased dimension and modified
manipulated inputs which has a nonsingular characteristic ma-
trix. We will follow a formulation similar to the dynamic
extension algorithm of Descusse and Moog (1985), using se-
lected manipulated inputs and their derivatives of appropriate
order as additional state variables and employing dynamic state
feedback compensation. This approach will be preferred over
the alternative approach of applying differential operators on
the outputs (Hirschorn, 1979; Kravaris and Soroush, 1990),
primarily in order to allow expressing performance specifi-
cations with respect to the original output variables and not
in terms of some redesigned outputs that may have no physical
significance.

Initially, we assume that rank C(x)=m,<m, for x€ X.

Iteration 1: Step 1. Calculate an analytic, square and
nonsingular matrix E¥(x), such that C(x)E'"(x) has its last m
— m,; columns identically equal to zero. Such a matrix always
exists, although it is not unique, in general (Descusse and
Moog, 1985).

Step 2. Because of the assumption of finite 7; for all i and
the assumption that rank C(x) = m,, there will be some columns
among the first m, columns of C(x)E’(x) that have two or
more elements not identically equal to zero. Assume, without
loss of generality, that these are the first /, columns of C()E"(x)
(where 0</, =m,). Introduce an integrator in series with each
one of the input channels corresponding to these /; columns
and consider the following system in the extended state-space:

A m
x=f(x)+g(x) [ > et xz+ Y e}"(x)v}”]

j=1 J=h+1
Z=of)
= of)
; 1
2, =vf) (20)

where ¢ denotes the jth column of E, and v’ =[{", ..
"7 denotes a redefined vector of manipulated inputs.
Step 3. Let X=(x, ..., X, 23, ..., z;,)” denote an ex-

L]
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Figure 6. Output feedback synthesis framework.

tended state vector and consider the system of Eq. 20 in the
form:

)'((l)=j(l)(x(l)) + i g}l)(xll))v;_l)
J= 1)
=f")(x“’) +g(l)(x(l))v(ll

with x", fO, gV appropriately defined. Let C(x") denote
the characteristic matrix of the system of Eq. 21. It can be
shown that rank C" (x") = m,=m, around the nominal equi-
librium point (and thus in an appropriately defined open set,
denoted by X for simplicity). If m,=m, then stop. Otherwise
go back to Step 1 and resume the procedure for the system of
Eq. 21.

The above algorithm will generate a sequence of integers m, <
my<m,=<.... Under the (verifiable) assumptions of left in-
vertibility in the sense of Hirschorn (Hirschorn, 1979) and
strong accessibility (Sussmann and Jurdjevic, 1972), the al-
gorithm will converge in a finite number of iterations (Descusse
and Moog, 1985). Suppose that it converges at the xth iteration
with a resulting system of the form:

X(K*I) ___f(K— l)(x("—l))
I

+g% V() [ Z e (X" N2y e

Jj=1

m
-1
SDICAIC )>v}“’]

J=le+1

z.l,+.“+[,(, 1+1 = v‘,"’
z.ll+4..+l,( .+/K;UI(KK) (22)
or in more compact notation in the extended space:
x® =f(x) (X(K)) +g(x) (x(x))vm (23)

where X =(x;, ..., X5 Zis -0y Ly Zyats cees Lty s
Zyae...+s) and fY9, g% are appropriately defined. Let r*
denote the relative orders of the outputs y; with respect to v,
and C* (x*) the corresponding characteristic matrix, with rank
equal to m. The above system will now form the basis for the
controller synthesis.
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Referring to the first iteration of the above algorithm, the
following remarks should be made:

(1) In step | of the algorithm, the feedback matrix E"(x)
redefines the manipulated inputs so that the resulting char-
acteristic matrix (that is, the matrix C(x)E"(x)) has its last
m—m, columns equal to zero. Note that even if the charac-
teristic matrix is singular, but not structurally singular, step 1
induces a structural singularity by appropriately redefining the
manipulated inputs.

(2) In step 2 of the algorithm, some of the first m, input
channels (corresponding to manipulated inputs that appear
“‘too early’’ when differentiating the outputs) are chosen for
the addition of integrators.

(3) The system of Eq. 20 is obtained by applying the fol-
lowing dynamic state feedback compensator to the original
system:

zi=v{"
Z.2=U(2”
: (24)
é/,=U§,l)
[ m
u=> e’ (x)z;+ Z el ()"
Jj=1 j=h+1

while at the kth iteration of the algorithm the following dy-
namic state feedback compensator is applied:

; — k)
e at a1 =0

il k
zl,+...+lk=vl(k)

[
k-1 Ky (ytk—1
v )=Ze} )(x( ))zll+...+lk,.+j
=1

+ ) e (x N (29)

J=h+1

State feedback controller synthesis

We will now address the problem of synthesizing a dynamic
state feedback compensator which induces a well-characterized
input/output behavior between the process output variables
and a set of reference inputs. More specifically, we will request
a linear input/output behavior of the form:

TS 6 %’Z"w 26)
i=1 k=0

where v is the vector of reference inputs and 8, = [Bk. - -B5l”
are vectors of adjustable parameters. The basic synthesis result
is summarized in theorem 3 that follows (the proof can be
found in the Appendix).

Theorem 3. Consider the nonlinear process described by
Eq. 1, with rank C(x) = m,<m and the system of Eq. 23 with
rank C¥(x**) = m for x € X. Then the dynamic state feedback
compensator:

AIChE Journal

h m
1
u= 2,0 x)z+ D) ey
i=1

Jj=h+1
2= o)
Zr=f)
; 1
z,|=v}|)
] m
2) ¢ Al 2) (ADY (2
v‘”:Ze}’(x‘ Nz 4+ Z el? (XM
j=1 j=h+1
zl.+l=U(12)

; 2
L+t = vSQ

I
-1 -1
o )=Ze}")(x(" ))Zl,+...+lkn+/'
=

m
-1
+ O e (k")

J=h+1
e+l +1= U(IK)

~ (x)
zl,+..4+1,( = vl,(

o™ = [[ﬁlri“" . .6m,'(nx)]c(")(x(‘f)) 7!

X [v_ i rlz BikLk K,hi(x):| (27

i=1 k=0

where By =[Bk. . .07 are vectors of adjustable parameters
with det[8,,,.. .B.,]#0, induces an input/output behavior of
the form:

where v is a vector of reference inputs.

Remark 3. In the case that we request an input/output
decoupled behavior of the form:
{K)
rt ) dk .
Bk =z =v (28)
2, P gz

for i=1, ..., m, the necessary controller realization can be
obtained by simply setting 8, =0 for i#j in Eq. 27, in which
case the last equation of Eq. 27 takes the simplified form:

-
o= D Bl ()
k=0

v™ = (diag[8}]C™ (x) )
”("x)

Uy — Z ngLk x,hm(x)
L k=0

29

Up to this point we outlined the general solution method-
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ology for the posed output feedback synthesis problem, and
we developed a dynamic input/output linearizing state feed-
back synthesis result. In what follows, we will address the
output feedback synthesis problem (see step 3 of the output
feedback synthesis methodology). To overcome the difficulties
associated with the existence and construction of nonlinear
state observers, and in analogy with the approach for processes
with nonsingular characteristic matrix (Daoutidis and Kra-
varis, 1992a, 1994), the natural process modes will be used for
the state observation. More specifically, in the case of stable
process dynamics, an open-loop state observer will be em-
ployed, while in the more general case of potential open-loop
instability, a reduced-order observer based on the zero-output
constrained dynamics (or, simply, the zero dynamics) of the
process will be used instead. The above observer choices will
allow a comprehensive solution of the output feedback syn-
thesis problem to be developed for processes with stable zero
dynamics, with the understanding that alternative state ob-
servation schemes can also be incorporated in the proposed
synthesis framework.

Output Feedback Controller Synthesis for Open-
loop Stable Processes

In the case of processes with stable open-loop dynamics, an
output feedback controller that solves the posed synthesis
problem can be derived by combining an open-loop state ob-
server (the process dynamic model itself) with the state feed-
back compensator of theorem 3 and an appropriate linear error
feedback controller with integral action. Figure 7 provides a
schematic description of the resulting controller structure, while
the basic synthesis result is summarized in Theorem 4 that
follows.

Theorem 4. Consider the nonlinear process described by
Eq. 1, with rank C(x) = m, <m, and the system of Eq. 23 with
rank C* () =m for x € X. Then, the dynamic output feed-
back compensator:

u= Ze“’(W)z,+ Z e (i

i=h+1

W—f(W)+g(W)

[Z etV (wyz;+ Z ‘”(w)v}”]

J=h+1
2 =1
2, —v‘z”
S 1
z,l = U}I)

I
—- ~1
o= D e (W Mz,

j=1

m
+ 2
J=k+1
o

AR

(x) -1 {x}
el (w Dyplx
zl‘+..,+lk<\+l =

s e, = U
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Figure 7. Full-order error feedback controller structure.

v = {[¥iro- + Vi ]C (W) ]
mo i1
{Z Z Bkl
i=1 =
+ [Blr}"" . -eri,"][%r‘“- . '7mr,‘,,"'] o

|:(ysp _,V) _Z 12 ‘Yll\sk+l:|
i=1 =
DN (w)}

i=1 k=0
fr =gy
[13) )
E AN - S u\
L;:y =y . Yorp]” I)l

m -1
|:(yvp ,V)“Z Z ’Ylksl\-*lj,
=1

E(m) E(M)

Fom _ plm)
zr“* =
-1
(m) _ ([‘Y]r:“" . "y"tr,‘,,"] )m
g (%)

m M-
I:(ysp y)"z Z 71k£k+1:| (30)

induces the input/output behavior:

m ,(i

y+227:k tk ysp

i=1 k=1

The controller realization of theorem 4 was derived by com-
bining the open-loop state observer:

w=f(w)+g(w)u

with the state feedback compensator of theorem 3 to induce
the input/output behavior of Eq. 26, and a linear error feed-
back controller with state space realization:
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- (1
£ =g

£ (1) Q)
B0 g
-1
E‘m -1 Si ()
A= (['erl‘“ . "Ymr,‘,,“’] )l (ysp_y) - Z Z 'Yik£k+l
i=1 k=1
é:m) - sém)

E(m) (m)
g g
m -1

é:,‘,,':',) — ([71r}“" . "Ymr,‘,,“’]‘l)m l:(ysp_y) - Z Z 'Y,‘kél((il 1]
3y

i=1 k=1

and output map:

m -
v= Z Z Bikgl((‘ll + [Blr}"’~ . -er,‘,."][')/lr:“" . "Ymr,‘"'"] -
ic1 k=0

m -1
X [(ysp—y)'_z Z ’Yikfl(rill] (32)

i=1 k=1

Further details of the proof are omitted for reasons of brevity.

In complete analogy with the results for systems with non-
singular characteristic matrix (for details, see Daoutidis and
Kravaris, 1994), appropriate initialization of the states of the
controller of Theorem 4 allows the derivation of a reduced-
order controller realization, given in Corollary 1 that follows.

Corollary 1. Consider the nonlinear process described by
Eq. 1, with rank C(x) = m; <m, and the system of Eq. 23 with
rank C¥(x*)=m for x€ X. Then, the dynamic output feed-
back compensator:

1 "

u=, e’ (w)z+ D1 e(wyn”
: A

j=1 J=h+t

W=f(W)I+g(W)

X [Z e (w)z+ i e}”(w)v}"]

j=1 J=h+1
Zy=o
2= U‘ZI)
. 1
ZII = v}l)

I

-1 {x) -1
U(K )Zzej (W(K ))zl|+...+l,_,+j
j=1

m
- 35 o
J=l+t

zl,+...+l,( HE= U](K)

Ziye g = U

U(K) = { [‘er[“" . "Ymr},:"]c‘:x) ( W(K)) } !

X |:()’sp".V) - E Z ’Ykak,(,hi(W):l (33)

i=1 k=1
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Figure 8. Reduced-order error feedback controller struc-
ture.

induces the input/output behavior:

&
m r®

dy
y+Z Z Yik gt’%zysp

i=1 k=1

The structure of the controller realization of Eq. 33 is shown
in Figure 8.

Remark 4. In the case that rank C(x) =m, and thus k=0,
the controllers of Egs. 30 and 33 reduce to the full- and reduced-
order realizations of the error feedback controller derived in
Daoutidis and Kravaris (1994) for open-loop stable processes
with nonsingular characteristic matrix.

Remark 5. In the case of a postulated input/output de-
coupled closed-loop behavior of the form of Eq. 19, the nec-
essary controller realizations are obtained by simply setting
vi=0 for i#; in the controller realizations of Eqs. 30 and 33.
Setting ), = 0 for i in Eq. 30 allows a further simplification
of the controller realization, imposing the additional require-
ment of a decoupled input/output behavior of the form of
Eq. 28 induced by the state feedback controller.

Output Feedback Controller Synthesis for General
Processes

In this section, we will focus on processes with potentially
unstable open-loop dynamics, but with stable zero dynamics,
and we will use an alternative scheme of state reconstruction
based on the modes of the zero dynamics. A key difficulty to
this end is the derivation of an explicit state space realization
of the zero dynamics, which in the case of processes with
singular characteristic matrix, entails a quite involved algo-
rithmic procedure {Isidori, 1989). To overcome this difficulty,
we will rely on the fact that the dynamic state feedback em-
ployed during the structural modification algorithm leaves the
zero dynamics of the process unchanged (Isidori, 1989); hence,
a state space realization of the zero dynamics will be obtained
on the basis of the extended system resulting from the structural
modification algorithm and will be used for the state recon-
struction scheme. To facilitate the development we will be
working in appropriate normal form coordinates. More spe-
cifically, consider the extended system of Eq. 23, which under
the coordinate transformation:

Vol. 40, No. 4 657



1 (X

tn—E,r, (x(K))

=T ("= L k(X (34

B (X
Loy ()

Ay
m )
L/‘,(, hm(x( ) J

where 1, (x®), ...
tl(x("))’ ey tn_):,‘[n(x(x)), hl(x(‘()), Lf(x)h] (X(K)), ceey
Lo B (x®), ..y Bn(X®), Lyhn (X9,

r& -1 X
..,L/m A, (X%

are linearly independent, and L, (x*)=0 for all /, j, takes
the normal form (for details, see Daoutidis and Kravaris, 1991):

s ty_go(x™) are scalar fields such that:

O =F(EO, 0, )

fgolﬁ,r,‘" =Fn—}:,r}“’(§‘(0)s g‘l)a ey g-(’"))

#(1) 1
=4
(1) (1)
§r§x>-|= o

g‘r({l")’ = Wl (.((0)1 g(l), cees §(M))+ C‘(l")(g-(o)’ g‘“)v sy K(M))U(K)

§im < g
S =5
i = W (3O, 19, ., E™)+ CORO, &0, .., ey
ylf ﬁ”
Ym=8" (35%)
where:

Fl(;‘m’ g{l)’ sy g—(M)): [Lf‘"tl(x(x))]x"":T"(g‘)’

{K)
WSO, £, oy £ = [ () Lo - 1o,

i=1,...,m (36)
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Referring to the above normal form, let:

Y1 Ym
Dy=| s D= G7
dr{ - 'y, dr,,, 1 -
drt’-! dr=-!

Then, according to Daoutidis and Kravaris (1991), the dynamic
system:

.§{O)?Fl(§-w)y S)yh DR :Dym)

{9 g0 = Fy g0 (89, Dy, ..., DY) (38)

with W=[W,...W,]” and C¥=[C{...C¥)" defined in Eq.
36, represents a reduced-order realization for the forced zero
dynamics of the system of Eq. 23.

In the above framework of the normal form coordinates, it
can be easily seen that the state variables {" through {*™ are
exactly the vectors Dy, through Dy,,, which can be calculated
from measurements of the outputs and evaluation of their
derivatives. Furthermore, the state variables {® can be recon-
structed by simulating the forced zero dynamics of Eq. 38,
assuming that it is stable. Combining the above state obser-
vation scheme with the dynamic state feedback compensator
of theorem 3 and the linear compensator of Egs. 31 and 32,
allows the derivation of a state space realization of the output
feedback controller that solves the posed synthesis problem.
Figure 9 provides a schematic description of the controller
structure, while theorem § states the main synthesis result (its
proof is completely analogous to the one of theorem 4, and
is omitted for brevity).

Theorem 5. Consider the nonlinear process described by
Eq. 1, with rank C(x) =m, <m, and the system of Eq. 23 with
rank C(x*)=m for x € X in the form of Eq. 35. Then, the
dynamic output feedback compensator:

4

u= 2, e, Dy, ..

Jj=1

L] :Dym)zj

m

+ Z e}”('?, 2Dyl; ey :Dym)v}l)
J=h+1
N —._-Fl(ﬂ! :Dyly ceey 3)ym)
ﬁﬂvE,r,(” =Fn—E,»r,1“)(7]; 3)}’1, e ey :Dy,,,)
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i=h+1

e+l +1= U(lk)
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£l = Erago Y] ™y

m -1
X I: Yp—Y)— Z Z 'Yiksw—l]
i=1 k=1

é‘(m) - ém)
g (m) (m)
E,’(':n,l = g,’("x)

£ (m) -
S,}:: = (['er{"' . "Ymr,‘,,“)] l)m

mo -1
x [(ys,,—y)—z >, ms;"il] 39)

i=1 k=1

induces the input/output behavior:
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y+ Z Z Yik (j]k_t}]ii:ysp

i=1 k=1

Remark 6. In the case that rank C(x)=m, that is, «=0,
the controller of Eq. 39 reduces exactly to the mixed error and
output feedback controller derived by Daoutidis and Kravaris
(1994) for minimum-phase processes with nonsingular char-
acteristic matrix.

Remark 7. In the case of a postulated input/output de-
coupled closed-loop behavior of the form of Eq. 19, the nec-
essary controller realization is obtained by simply setting v/, =0
for i#j in the controller realization of Eq. 39. Similarly to the
case of open-loop stable processes, one could also set 3, =0
for i#j, requesting an input/output decoupled behavior of the
form of Eq. 28 under the state feedback compensator and
employing a cascade of SISO linear compensators with integral
action.

Closed-Loop Stability Considerations

The input/output stability of the closed-loop system under
the controllers of theorems 4 and 5 will be guaranteed by
choosing the adjustable parameters v} so that the roots of the
characteristic equation:

(ET; |'Ylnksk) ]
(E 72st)

- ,}") ’.i")
A+ vhs®) (B 1vus®)

£ e
(T vhes®) (1+Eeo1v3s)
det .

r{*
L (Ek=17'1"h5k)

(1+ T ymsh)
=0 (40)

g%
(Z- 1‘7'2"1(5’( )

lie in the open left-half plane. The designer has the flexibility
to choose 7{5 in order to satisfy other closed-loop design ob-
jectives as well (for example, desirable speed of the response
and level of input/output coupling), and at the same time do
not violate the constraints in the manipulated inputs.

In addition to input/output stability, the internal stability
of the closed-loop system under the controllers of theorems 4
and 5 must also be guaranteed. To this end, Lyapunov’s first
theorem can be used to show the local internal stability of the
closed-loop system under the controller of theorem 4, assuming
that the process dynamics and the zero dynamics (Eq. 38) are
locally exponential stable and the roots of Eq. 40 and the
characteristic equation:

CraBhs™)  (TaoBls*) (T BLs")
(EoBhst) (Do) (E o)

det| _ , =0 @)
(EBnst) (T oBms) (£ BIs)

lie in the open left-half plane. Similarly, local internal stability
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Figure 10. Double-effect evaporator.

of the closed-loop system under the controller of theorem 5
can be shown, relaxing the assumption of local exponential
stability of the process dynamics from above.

Application of the Control Methodology to a Dou-
ble-Effect Evaporator

In what follows, we will illustrate the application of the
developed nonlinear control methodology to the double-effect
evaporator shown in Figure 10. This process has been the
subject of extensive modeling and linear control studies at the
University of Alberta (Fisher and Seborg, 1976; Newell, 1971).

Process description and modeling

A solution of triethylene glycol in water is fed to the first
effect at flow rate F, solute concentration Cr, and temperature
Tr. The solution is concentrated in the first effect using steam
at flow rate S;, generating the overhead vapor stream O, and
the concentrated bottom stream B, with solute concentration
C,. The bottom stream B, is fed to the tube side of the second
effect at a lower pressure, while the overhead O, is fed to the
shell side. The concentrated bottom stream B,, which is the
product stream, leaves the second effect with solute concen-
tration C,. The overhead O, from the second effect is con-
densed and released as condensate. W, and W, are the liquid
holdups, whereas P, T; and P,, T, are the pressures and tem-
peratures in the first and second effects, respectively.

A standard modeling procedure (for example, Newell, 1971)
was followed to develop a dynamic model for the process.
More specifically, the following assumptions were made:

(1) The steam chests, tube walls, and so on have negligible
heat capacities.

(2) The temperature 7, is held constant by a sufficiently
strong pressure controller on the second effect.

(3) The overhead vapor streams leaving each of the effects
have negligible solute concentration compared to the respective
bottom liquid streams.

(4) Vapor holdup in each effect is negligible.

Under the above assumptions, total material, solute and en-
thalpy balances were derived for the two effects. The following
expressions were used for the heat inputs Q,, @, to the two
effects:
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Q= )\SSJ‘
Q2= UV,A,(T, - T)
= Ol (Hvl - hcl)
where A is the latent heat of condensation of the steam fed
to the first effect, U, is the overall heat-transfer coefficient in
the second effect, A, is the total heat-transfer area in the second
effect, and H,,, A, are the specific enthalpies of the vapor and

condensate, respectively, given by the empirical correlations
(Newell, 1971):

hz‘l = Tl - 32.0

H, =04T,+1,066.0

On the basis of assumption 2, the following relation for the
overhead vapor stream flow rate O, was also obtained from
the solute and enthalpy balances in the second effect:

oh
B\(h~h) =B (C\—C) —=+Q,— L,
aC,

02=
ah,

Hy—h+C,—

2 2 2acz

where H,, is the specific enthalpy of the vapor at temperature
T,, and h,, h, are the specific enthalpies of the solutions in the
two effects, given by the following empirical correlations (New-
ell, 1971):

H,=0.4T,+1,066.0
h=T,(1-0.16C\) - 32.0

h,=T,(1-0.16C,) - 32.0

The above relations were used to arrive at the following fifth-
order process dynamic model:

W%, _r_p_ [UzAzm— Tz)]

at 1,098—0.67,
dC\ F Cl UZAZ(Tl—TZ)
dCi_F o o, C [UAuTi-T)
a - w GOy [ 1,098—0.6T,
%_ F Ll )\ssf
dt - Wl (hr hl) W1+Wl__
1 UZAZ(TI—Tz)
W, [ 1,098 - 0.6T, ] [1,066.1+0.4T,— A,

aw,__[UAlT Ty -L,
dt 1,098 —0.6T,

=T +32.1+0.16T5C,
i [l' ( 1,098—0.67; Bi=B,
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dC,_ G [ VAT, =Ty - L, 0
a W, 1,098 -0.6T,
G (h+32.140.16T,C, - T, C-C A
+ e = —S :
[W2 ( ros—oer, )\ 7w, )|B @D S
. el 0
where 4 is the specific enthalpy of the feed stream, and L,,
L, are the heat losses from the two effects. Table 1 provides - -
adetailed description of the process variables and their nominal - s
values. The above model has been shown experimentally to -1
capture the key dynamic characteristics of the process (Newell 0
and Fisher, 1972).
Setting: (x) = 0
£x)= | (B Ti+32.140.16Ty, ’
X = le XZ=C|, X3=h|, X4= Wz, X5=C2 1,098—0.6T2
=K1 Ya=Xe V=i Xs X3—T,+32.1+0.16Tyx, . Xy~ Xs
X4 1,098 - 0.6T2 XS
u= (Sf_'st)y = (B,—By), uy=(B;—By) - -
B U,A(T) - T)) ]
e R F,
r,008—o06r, ButF
X | UA,(T, - T7) X2 1
=< - s | -= — F
X [ 1,098-067, | x ¥y +Cr
1 | U,A(T, - Ty Ly A X3 1
= = | —————="11,066.1 +0.4T, —x3) - —+—= S, — — F,+— F.hg
7 X, [ 1098 0,67, | (V0661 H 04T =l = e oy Tl
|eAaT-T-L| |, _ x;—T2+32.1+0.16T2x2) B —B
1,098-0.6T; 1,008-06T, /| ° °*
,ﬁ U2A2(T1—T2)_L2 +§ X3_T2+32.1+0.16TZX2 3 XZ—XS B
X4 1,098 —0.67, X4 1,098 - 0.67, Xs “

where the subscript s denotes the steady-state value, the above

equations take the following state-space form:

where
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X1 =f1 (X3 X3) —

x2=f(Xy, X3, X3)

X3=f3(X, Xz, X3) + 813 (X))

Xa=fo(Xz, X3) + 824 (X0 X3) 10y — 113

X5 =5 (X2, X3, Xay X5) + 825 (X, X, Xap X5ty
=h(x)=x

Yr=hi(x)=x,

Yi=h3(x) =xs
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Table 1. Evaporator Variables/Parameters and Their
Nominal Values

Steady-
State
Variable Description Value
A, Heat-transfer area in 2nd effect (ft%) 4.6
B, Bottoms flow rate in 1st effect (Ib/min) 33

B, Bottoms flow rate in 2nd effect (Ib/min) 1.7

Cr  Solute concentration in feed (wt. %) 3.2
C, Solute concentration in 1st effect (wt. %) 4.85
C, Solute concentration in 2nd effect (wt. %) 9.412
F  Feed flow rate (Ib/min) 5.0
ke Specific enthalpy of feed (Btu/lb) 162
h,  Specific enthalpy of liquid in 1st effect (Btu/ib) 194

0, Overhead vapor flow from 1st effect (lb/min) 1.7
0, Overhead vapor flow from 2nd effect (Ib/min) 1.6
P,  Pressure in first effect (psia) <25
P, Pressure in 2nd effect (psia) 7.5
S;  Steam flow rate (Ib/min) 1.9

Tr Temperature of feed stream (°F) 190
T, Temperature in Ist effect (°F) 225
T, Temperature in 2nd effect (°F) 160

U, Heat-transfer coeff. in 2nd effect (Btu/min/ft*/°F) 5.2345
W, Liquid holdup in 1st effect (Ib) 30

W, Liquid holdup in 2nd effect (Ib) 35

As Latent heat of condensation of steam (Btu/1b) 948

661



&x)=| 0 44

and g; denotes the jth component of the vector field g;(x).

Structural analysis and structural modification of the
process

For the system of Egs. 43 and 44, the relative order matrix
has the form:

21 o
M=]2 1 1 45)
21 2

and the relative orders of the outputs y;, y,, ¥;, with respect
to the manipulated input vector u, are r,=r,=r,=1. Further-
more, the corresponding characteristic matrix is:

Lyh(x) Lyhi(x) Lgh(x)
Cx)=| Lym(x) Lyhy(x) )Lmhz(x)
Loy (x) Lyhs(x) Lyhy(x)

0 —1 0
=10 824 (%2, X3) —1} (46)
0 825 (Xz, X35 Xas xs) 0

Clearly, rank C(x) =2< 3, and the matrix C(x) is structurally
singular due to its zero first column.

Following the structural modification algorithm described
in the article, we first calculate the matrix £V (x) such that
the last column of C(x)E™(x) becomes zero. In particular,
choosing

0
EYx)={1 0 0
0 0
we obtain:
-1 0 0
C(x)EV(x)= 224 (X2, X3) -10

&25 (X2, X3, X4y X5) 00

Note that the above operation corresponds to a simple rear-
rangement of the input variables. The matrix C(x)E " (x) has
only its first column (/; = 1) with two or more nonzero entries.
An integrator is therefore added on the first input channel and
an additional state variable z, = u, is defined.

With the extended state vector:
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X
X;
X
xo= |7
Xa
Xs

._Z].J

the system in the extended state-space becomes:

y 1
x1 =10, X3, 7))
X = (%, X3, X3)
y 1
X3 =/ (x1, X2 X3) + 8% (1) 0"
- i 1
x4=ﬂ:)(X2y X3, 7y) — v
Xs =f§l)(xz, X3y Xay Xs5 Zy)
= CY)
where v{”, ", v{" denote the redefined manipulated inputs
with v\ =1,, W =u;, v’ =u,, and
ﬂl)(xz, X3, 21) W
S (x, x2, x3)
1
st)(xl; X2, X3)
ﬂa”(xza X3, Z1)

1
S, X3, X4y X5, 24)

SO =

| Ny
i filxa, x3) ~ 2z, i}
Salxy, X, x3)
- f3(X), X2y X3) (48)
Ja(Xy X3) + 824 (X2, X3)2,
S5 (X2 X3, Xay Xs) + 25 (X2, X3, X4y X5)Z4
B 0 i
K [ 0]
0 0
g (x") = 0 g (xV) = 0 ;
0 -1
0 0
1 | o]
[ 0 b
0
As
&M= x 49
0
0
[ 0
AIChE Journal



Referring to the extended system of Eq. 47, the relative order
matrix is:

2 o 2
MP={2 1 2 (50)
2 2 2

and the relative orders of the outputs, y,, y,, 5, with respect
to the new manipulated input vector, are i’ =2, i"=1, AV =2.
Furthermore, the characteristic matrix takes the form:
Lgf”Lfmh] (x“’) Lgianfmh] (X“)) Lg(;'ijhl (x“))
Lohy (£0) Loy (X0) Lyohy (xV)
Lgll“Lfmhg (X“)) Lg;”Lj(l)h3 (Aﬂ)) Lg(;)L/u)hg (X“))

C“)(X“))=

gl

dx, X 9x;

={ 0 -1 0 1)
aﬂ" af(sl) As ajdsx)
[ oaxe  ox, x ax,

which is generically nonsingular, as can be easily verified.

Controller synthesis and simulations

Because of the open-loop instability of the process (the two
liquid holdups behave like simple integrators), the controller
of theorem 5 was used in the simulations. To this end, following
Daoutidis and Kravaris (1991), the following coordinate trans-
formation was employed:

(6] [ oG
& h(x)
$s Lok, (x)
=T =| 7| =
£=T60 $a Ay (x)
$s By (x")
i g‘J | Lok (x) ]
. % -
X
= .f(ll)(xb xfh ZI) (52)
X4
Xs
| (X2, x3, X4y X5, 21)

to obtain the normal form description of the system of Eq.
47, and an explicit realization of the zero dynamics of the
process. Requesting an input/output closed-loop decoupled
response of the form:

day, dy
Y+ dt‘*")’}z dtzl Ysp1

dy,
Y2 + 721 dt y:pZ

, dy
Vit ¥ =+ 7% t; =Ysp3 (53)

3 dys
dt
AIChE Journal

the following controller realization was obtained from theorem
5:

u;=v{’
U=z
uy= vy’

1=S3(m, Dyy, Dy,, Dyy)

z,=o"
B. 0 0 !

W= 0 B 0[C"n, Dy, Dy, Dys)
0 0 B

Z Bl =7 dky Bl Loh ()|
Xt “)’z_leLﬁ"hz(x“))

Z Blk dtk ,B;sz(l)h3 (X“))

=Bl + <5n—€‘lZ ‘Yil)fl)‘*‘su Y1 —21)

Uz—BzoS(z) Bz Yoz —¥2)

B 83
vy =Bt + (331 “7—32 e (3)+7;2 (Vsp3 —3)

E=gp

. 1 ’Y
E§I)=7—, U1 — yn)—’y—:l o
12

12

(2)—7_ (.ysp2 )"z)

£p =59

. 1

€)=+ O =) —7" £ (54)
32

The controller was tuned to give a slightly overdamped second-
order closed-loop response for changes in y,, and y,,; and a
first-order response for changes in y,,,. More specifically, the
time constants and the damping factors for the three decoupled
input/output responses were chosen as:

Tl=l.0min, g‘l_—'l.l
73=4.4 min
73-_—2.236 min, §-3= 1.006
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Figure 11. Closed-loop profiles for controlled outputs
and manipulated inputs for a 20% increase
in desired solute concentration C,.

[=3

S By
o buboubpueleo s

through the following choice of the controller parameters:

6(110)= 6, (111) =2.2, 3(12)-"
BY =5, AR =

=20, =5 R=3
viP=2.2, +¥=1.0

Y =44

W=, 2§=5.0

Several simulations were performed to evaluate the set-point
tracking and disturbance rejection capabilities of the nonlinear
controller, as well as its robustness characteristics with respect
to initialization errors and modeling errors. The performance
of the nonlinear controller was also compared with that of a
Linear Quadratic Regulator (LQR). In all the simulation runs,
the process was assumed to be at its nominal steady state, and
the set point and/or disturbance changes were imposed at time
t=0.
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Figure 12. Closed-loop profiles for controlled outputs
and manipulated inputs for a 20% increase
in feed flow rate F.

The first simulation run addressed the set point tracking
capabilities of the controller for a 20% increase in the solute
concentration C, in the product stream, that is, y,,;. Figure 11
shows the profiles of the three controlled outputs and the
manipulated inputs. One can readily observe the decoupled
responses of y, and y,, and the theoretically predicted response
of y,.

The subsequent three runs addressed the disturbance rejec-
tion capabilities of the controller. More specifically, the fol-
lowing disturbances were considered:

® 20% increase in the feed flow rate F;
®¢ 20% increase in the solute concentration in the feed
stream, Cr; and

® 20% increase in the specific enthalpy of the feed stream,
hF"

Figures 12, 13, and 14 illustrate the profiles of the controlled
outputs and the manipulated inputs for each of the above cases,
respectively. As can be seen, in all three cases the controller
exhibits excellent regulatory characteristics.

The next run was carried out to demonstrate the set point
tracking capabilities of the controller in the presence of a

AIChE Journal
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Figure 13. Closed-loop profiles for controllied outputs

and manipulated inputs for a 20% increase
in solute concentration Cin the feed stream.

disturbance when both the desired solute concentration C, and
the feed flow rate F were increased simultaneously by 20%.
Figure 15 illustrates the responses for the three controlled out-
puts. Due to the unmeasured disturbance, the first two outputs
(W, and W,) show slight deviations initially, while the third
output (C,) follows a second-order response very close to the
theoretically predicted one.

The next set of simulation runs tested the performance of
the controller in the presence of initialization errors and par-
ametric uncertainty. Initially, a 20% increase in y,,; was im-
posed under a 5% initialization error in the controller state »,
and a 10% error in the overall heat-transfer coefficient U,. As
can be seen from Figure 16, the controller performs very sat-
isfactorily in maintaining the first two outputs at their set
points, whereas the response of y, is very close to the one
predicted by the theory. In the next run, a 20% increase in the
feed flow rate F was imposed under the same initialization and
modeling errors as before. Figure 17 shows the very satisfactory
response of the three controlled outputs and the corresponding
manipulated inputs. The set-point tracking and disturbance
rejection capabilities of the nonlinear controller were also com-
pared with those of a standard LQR. The following weighting
matrices were chosen through trial and error for the linear
controller design:
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Figure 14. Closed-loop profiles for controlled outputs
and manipulated inputs for a 20% increase
in specific enthalpy h; in the feed stream.

Q=diag(10, 1, 1, 10, 10, 0.01, 0.01, 10)
R=diag(1, 1, 1)

to obtain good responses with reasonable control effort.

Figure 18 shows the responses for the nonlinear controller
and the LQR for a 20% increase in the desired solute concen-
tration C,. While the nonlinear controller exhibits a totally
decoupled response, the LQR shows significant deviations in
y, and y,. Moreover, y, shows a better response under the
nonlinear controller compared to that with the LQR which
exhibits oscillations. Finally, the performance of the nonlinear
controlier was compared with that of the LQR in rejecting the
effects of a 20% increase in the feed flow rate F. The profiles
of the three controlled outputs and the corresponding manip-
ulated inputs are shown in Figure 19, and clearly illustrate the
superior performance of the nonlinear controller.
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Notation
C = characteristic matrix
E = set of edges in a bipartite graph
E® = feedback matrix that localizes the singularity of the charac-
teristic matrix
f = vector field
g, = vector field associated with u;
G = bipartite graph
h; = scalar field associated with y;
ry = relative order of y; with respect to ;
r; = relative order of y; with respect to u
s = the Laplace domain variable
s; = indices denoting order of closed-loop response
t = time
u = manipulated input vector
U = set of vertices of manipulated inputs
v = auxiliary input vector
w = state vector of process model
X = state vector of process
y; = process output
Y = set of vertices of controlled outputs
Yspi = output set point
z = state variables of dynamic state feedback
666
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Greek letters

3’.‘_k=

I n

ik
§
L)
£

adjustable parameters

adjustable parameters

state vector in normal form coordinates
controller state variables

state variables of linear compensator

Math symbols

det
diag
#*
m’l
T
-1

I I R R T

determinant of a matrix
diagonal matrix

not equivalently equal to
n-dimensional Euclidean space
transpose

cardinality of a set
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Appendix
Proof of theorem 2

We will first need some additional concepts from graph
theory. In particular, a matching M in a bipartite graph is a
set of edges with no common endpoints. A matching M in the
bipartite graph G(A, B, E) is then called an A-matching if
IMI=1A1. We will also need the following classical theorem
of graph theory.

Hall’s Marriage Theorem. A bipartite graph G(A, B, E)
has an A-matching if and only if for each subset XCA,
IR(X)! = 1X!1, where R(X) is the set of vertices in the set B
which are adjacent to vertices in the set X.

We can now proceed with the proof of the theorem.

Proof of I1=2. Suppose that statement 1 of theorem 2
hoids, that is, the generic rank of the structural matrix equiv-
alent to C(x) is equal to m. Then, according to theorem 1,
we can rearrange the output variables so that the relative order
matrix M, takes the form of Eq. 9, that is, each pair {y,, u;}
is such that r;=r,. Hence, the bipartite graph G(U, Y, E)
defined in theorem 2 has a Y-matching, and by Hall’s theorem,
statement 2 of theorem 2 also holds.

Proof of 2=1. Suppose that statement 2 of theorem 2
holds. Then, by Hall’s theorem, the bipartite graph G(U, Y,
E) defined in theorem 2 has a Y-matching, that is, for each
output y; we can find a distinct input u; such that r;=r,. Thus,
we can rearrange the outputs y; so that the relative order matrix
M, takes the form of Eq. 9. Hence, according to theorem 1,
the structural matrix equivalent to C(x) has generic rank equal
to m and statement 1 of theorem 2 holds.

Proof of theorem 3

Consider the nonlinear process described by Eq. 1. The
cascade of dynamic compensators applied to the process during
the structural modification algorithm has the form:

[ m
1 1
u= E eV (x)g+ E &l ()i
i

J=h+1
21=v‘1"
ta= o)
; 1
=0
] m
2) (AL 2 [ AN 5,2
o0 = D e ()2 + D ()P
j=t j=h+1
Z/,+1=v(12’
; 2
Z/.+/2=U§2)

I
- -1
U(K D= Z e}x)(x(x ))ZI,+...+I,(,1+j
Jj=1

m
£ 37 e ey

J=l+1

v vt s =000

z.I,+..,+[,‘=vl(:) (55)
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Considering the resulting system of Eq. 23, it is straightforward
to verify (for example, Kravaris and Soroush, 1990) that the
control law:

v = ( [Bmxr. . .6,,,,’(:)]C(K) (X(K)) } -1
3ikL;(x)hi(x)] (56)

induces an input/output behavior of the form:

Combining the control law of Eq. 56 with the dynamic state
feedback compensators of Eq. 55 results in the controller of
Eq. 27 which clearly induces the input/output behavior of Eq.
26.
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